Introduction {#Sec1}
============

Duhamel (1837) was the first to suggest entering the coupling term in the heat equation and proposing the coupling between the temperature and the deformation. However, the heat equation was not well established by the thermodynamic process. Biot^[@CR1]^ attempted the thermodynamic justification for this equation. The heat equation includes, in this case, the dilatation term depend on the thermodynamics of the non-inverse process. The classical heat conduction theory in thermoelastic solids is based on the assumption that the heat flow is proportional to the temperature gradient. Based on this assumption, the heat equation is governed by a parabolic system of partial differential equations, which predicts that the thermal disturbance in the material will immediately affect all points of the body. The phenomenon of infinite velocity of heat waves conflicts with physical phenomena.

To overcome this defect, generalized thermodynamic theories were introduced. Lord and Shulman^[@CR2]^ introduced a generalized theory of thermoelasticity that provides one relaxation time and thus the system that governs the heat equation has turned into a hyperbolic type. Green and Lindsay^[@CR3]^ proposed another model involved two relaxation times.

The following generalization of the theory of thermoelasticity is known as the dual-phase-delay model which was improved by Tzou^[@CR3]^ and Chandrasekharaiah^[@CR4]^. Tzou^[@CR3]^ reflected a constitutive equation to explain the lagging behavior in the heat conduction in solid materials. Tzou^[@CR5],[@CR6]^ presented a thermoelastic model including dual-phase-delay to the heat flux vector and the temperature gradient.

The two-temperature theory (2TTE), proposed by Chen and Gurtin^[@CR7]^, Gurtin and Williams^[@CR8],[@CR9]^ and Chen et al.^[@CR10],[@CR11]^, based on two distinct temperatures; conductive $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta$$\end{document}$ temperatures. According to this theory, the difference between these two temperatures is proportional to the applied heat source. Also, in the absence of the heat source, the two temperatures are equal^[@CR12]^. Based on this theory of thermoelasticity with two-temperature, several authors have studied several problems of thermoelasticity^[@CR13]--[@CR18]^. Quintanilla^[@CR19]^ discussed the structural stability, existence, and spatial behavior of the solution of some problems in 2TT. For isotropic and homogeneous bodies, Youssef^[@CR20]^ introduced the theory of thermoelasticity with relaxation time and two-temperature. Mukhopadhyay et al.^[@CR21]^ also, extended generalized thermoelasticity with two temperatures and dual-phase-lag. The two temperatures theory has attracted a lot of attention in the recent years^[@CR22]--[@CR26]^.

Recently, many efforts have been introduced to modify the classical heat conduction law. In one of these efforts, Abouelregal^[@CR27]--[@CR29]^ introduced some generalized models of heat conduction including higher-order time-derivative. Earlier, Chiriţă^[@CR30]^ investigated the high-order Fourier law to illustrate the lagging performance of heat transfer.

The current paper is concerned with a generalized model that combines the two-temperature theory and the heat conduction of higher-order time-derivatives with two-phase-lags. To further study the accuracy of the current model, the model was applied to study the interaction in an isotropic solid exposed to external body force and due to sudden heating. Some special cases of concern were also deduced from the proposed model. For further clarification and comparison, the numerical results were tabulated and illustrated graphically. The effects of the parameters of temperature distinction, phase delay, and high-orders on all field variables inside the material have been studied. The numerical results obtained in this paper were found to be as good as with the results in the current literature. Also, the results and observations also showed that the analytical solutions correspond well with numerical solutions.

Derivation of the modified model {#Sec2}
================================

The Fourier\'s law^[@CR31]^, is the closest model representing heat conduction, which assumes that there is a linear relationship between the heat flow $\documentclass[12pt]{minimal}
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The following relations are achieved by the increment in entropy $\documentclass[12pt]{minimal}
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From Eqs. ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}), we obtain the energy equation as$$\documentclass[12pt]{minimal}
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Among the governing equations in the two-temperature model (2TT), in addition to the energy Eq. ([4](#Equ4){ref-type=""}), the equation that connecting the two temperatures $\documentclass[12pt]{minimal}
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The classical Fourier\'s law ([1](#Equ1){ref-type=""}) has been replaced, according to Quintanilla^[@CR29]^ with$$\documentclass[12pt]{minimal}
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In the DPL model, the heat Eq. ([6](#Equ6){ref-type=""}) is modified by introducing two phase-lags as^[@CR11]^:$$\documentclass[12pt]{minimal}
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Introducing the phase lag of the temperature $\documentclass[12pt]{minimal}
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Taylor-series-expansion is applied to both sides of Eqs. ([7](#Equ7){ref-type=""}) and ([8](#Equ8){ref-type=""}) and maintain the terms up to a suitable higher-order of time-deferential ($\documentclass[12pt]{minimal}
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It was highlighted that the proposed models associated with the higher-order time-differential have been extensively considered in many papers regarding their thermodynamic consistency and also with regard to well-presented issues and stimulating stability^[@CR32]--[@CR37]^. If we adjoin Eq. ([9](#Equ9){ref-type=""}) with the energy Eq. ([4](#Equ4){ref-type=""}), we get$$\documentclass[12pt]{minimal}
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By studying a system of equations similar to the foundational equations of type ([9](#Equ9){ref-type=""}) or ([10](#Equ10){ref-type=""}), Chiriţă et al.^[@CR35]^ explain that there are some restrictions to choosing the higher orders $\documentclass[12pt]{minimal}
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In addition, the field equations, the constitutive relations and the train--displacement relation to thermoelastic isotropic materials at uniform environmental temperature $\documentclass[12pt]{minimal}
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Application to the model {#Sec3}
========================

As to achieve the accuracy of the presented model, we are now studying a thermoelastic body that is exposed to thermal shock and is affected by an external force. It is assumed that all field variables depend only on the distance $\documentclass[12pt]{minimal}
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The components of the external body strength can be chosen as$$\documentclass[12pt]{minimal}
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Equations ([9](#Equ9){ref-type=""}), ([11](#Equ11){ref-type=""}), ([12](#Equ12){ref-type=""}) and ([14](#Equ14){ref-type=""}) then reduce to$$\documentclass[12pt]{minimal}
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We will consider the dimensionless quantities:$$\documentclass[12pt]{minimal}
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The governing Eqs. ([18](#Equ18){ref-type=""})--([21](#Equ21){ref-type=""}), by using Eq. ([22](#Equ22){ref-type=""}) may be reformulated in the non-dimensional forms as (neglecting the primes):$$\documentclass[12pt]{minimal}
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Homogeneous initial conditions are assumed to be$$\documentclass[12pt]{minimal}
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From the description of the previous problem, we find that the boundary conditions are in the form$$\documentclass[12pt]{minimal}
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Solution of the problem {#Sec4}
=======================

To get the solution of the problem, we perform the Laplace transform described by$$\documentclass[12pt]{minimal}
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Special cases {#Sec5}
=============
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Numerical results {#Sec6}
=================

In the current section, we will try to provide a practical example to validate the accuracy of the current model. Also, the results can be scheduled to support other researchers to compare their results and verify their accuracy. For the purposes of numerical discussions, we have taken the values of the copper material constants as^[@CR39]^:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} & C_{E} = 383.1\left( {\frac{{\text{J}}}{{\text{kg K}}}} \right),\quad T_{0} = 293{ }\left( {\text{K}} \right),\quad \alpha_{t} = 1.78 \times 10^{ - 5} { }\left( {\frac{1}{{\text{K}}}} \right),\quad K = 386\left( {\frac{{\text{W}}}{{\text{m K}}}} \right), \\ & \lambda = 7.76 \times 10^{10} { }\left( {\frac{{\text{N}}}{{{\text{m}}^{2} }}} \right),\quad \mu = 3.86 \times 10^{10} { }\left( {\frac{{\text{N}}}{{{\text{m}}^{2} }}} \right),{ }\quad \rho = 8954{ }\left( {\frac{{{\text{kg}}}}{{{\text{m}}^{3} }}} \right). \\ \end{aligned}$$\end{document}$$

We performed the calculations when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t = 0.12\,{\text{s}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi_{0} = 1$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon = 0.0168$$\end{document}$. By observing previous literature, most researchers have addressed such a problem without providing tabular results. They provide only some graphical examples to explain and clarify the phenomena.
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The phenomenon of limited wave propagation speeds is observed from tables and figures. Also, it is evident from tables and figures that all models display distinctly different values near the surface boundaries, and the differences decrease with increasing distance, due to the effect of thermal shock applied to the stress-free boundary. The conductive temperature profile takes the maximum value at the surface $\documentclass[12pt]{minimal}
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                \begin{document}$$x = 0$$\end{document}$, which meets the state of the mechanical condition of the problem given in the Eq. ([47](#Equ47){ref-type=""}). In Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"} and [4](#Tab4){ref-type="table"}, various terms have been considered of the modified heat Eq. ([24](#Equ24){ref-type=""}) and also in the equation related to the conductive and thermodynamic temperatures ([25](#Equ25){ref-type=""}).

It can be clearly observed from the tables that the HTTE thermoelastic model gives perfect results for all HOTD parameters ($\documentclass[12pt]{minimal}
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Wang et al.^[@CR43]^ investigated a well-posedness problem, given some suitable restrictions on the parameters of phase lags $\documentclass[12pt]{minimal}
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                \begin{document}$$a$$\end{document}$ have a distinguished influence on the studied fields. Consequently, according to the results, it is significant to separate between the thermodynamic and the conductive temperatures. The presence of the high-order parameters increases the magnitude of the strain. The HTTE and MTTE models are largely closed to one another while the YTTE and LS models are closed to each other.
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The effect of the HOTD parameters $\documentclass[12pt]{minimal}
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From the Tables and figures, we can see that the influences of the HOTD parameters on the fields $\documentclass[12pt]{minimal}
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In the last set of 3D graphs (5--8), the numerical results of studied variables are introduced along the axial axis ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.0\le x\le 3.0$$\end{document}$) and for different time ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.0\le t\le 0.2$$\end{document}$) under the HTTE model. The HTTE theory with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=4, n=3, p=2$$\end{document}$ is used in all the 3D figures. Figure [5](#Fig5){ref-type="fig"} displays the variation of the displacement profile $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$ against the axial distance due to the presence of time effects. The displacement profile grows to reach its maximum value and then decomposes as we move away from the boundary.Figure 5The displacement $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u$$\end{document}$ with different time instant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$ and distance $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$.

Observing the various results, we find that due to the presence of time, it was observed that the profiles of displacement, conductive and thermodynamic temperatures fields increase with time, which supports the physical reality. A general observation from all these numerical results and graphs (5--8), it is noted that all physical fields are sensitive to the time that is included. Figure [8](#Fig8){ref-type="fig"} shows that the thermal stress field has an equal starting point with a value of zero, which indicates that the mechanical boundary condition is satisfied. Figure [6](#Fig6){ref-type="fig"} displays the conductive temperature variance with distance $\documentclass[12pt]{minimal}
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Conclusions {#Sec7}
===========

In the current paper, a modified two-temperature thermoelasticity model with higher-order-time derivatives (HOTD) and three different phase-lags has been constructed. The derived model was established by taking into account the Taylor series expansions of Fourier's heat conduction and the relation for the two temperatures and keeping terms up to appropriate higher-orders in the phase-lags $\documentclass[12pt]{minimal}
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                \begin{document}$${\tau }_{\theta }$$\end{document}$. Also, the two temperature model with one relaxation time (YTTE) and two temperature theory with two phase-lags (MTTE) are compared with the higher-order model with two-temperature and three-phase-lags.

To validate the proposed model and show that it is more accurate, the results are tabulated. From the Tables and figures, we observed that the effects of the HOTD parameters on $\documentclass[12pt]{minimal}
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                \begin{document}$$m=4$$\end{document}$ is sufficient to obtain valid and effective results.

It is also evident from the results that when the HOTD parameters are lower than or equal to four, the relevant model can be thermodynamically compatible, providing that it makes suitable appropriate assumptions upon the delay times.

This result is consistent with the results got by Chiriţă^[@CR25],[@CR31]^. Finally, this work describes that the theory of thermoelasticity with two-temperature and three-phase-lags and HOTD parameters explains the behavior of the particles of the thermoelastic body more realistically than the model of thermoelasticity with two-temperature with one or two phase-lags. Also, the current study helps some researchers to show how they choose the values of these parameters.
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                \begin{document}$$\lambda ,{ }\mu$$\end{document}$

:   Lamé's constants
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                \begin{document}$$\alpha_{t}$$\end{document}$

:   Thermal expansion coefficient
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:   Specific heat
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:   Thermal coupling parameter
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                \begin{document}$$T_{0}$$\end{document}$

:   Environmental temperature
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                \begin{document}$$\theta = T - T_{0}$$\end{document}$

:   Temperature increment

*T*

:   Absolute temperature
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                \begin{document}$${\varvec{u}}$$\end{document}$

:   Displacement vector
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                \begin{document}$$e = {\text{div}}{\mathbf{u}}$$\end{document}$

:   Cubical dilatation
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                \begin{document}$$\sigma_{ij}$$\end{document}$

:   Stress tensor
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                \begin{document}$$e_{ij}$$\end{document}$

:   Strain tensor
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                \begin{document}$${\varvec{q}}$$\end{document}$

:   Heat flux vector
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                \begin{document}$$K$$\end{document}$

:   Thermal conductivity
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:   Kronecker's delta function
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:   Conductive temperature
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:   Phase lag of heat flux
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:   Thermal relaxation time
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